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THE ODE METHOD FOR SOME SELF-INTERACTING DIFFUSIONS ON Rd
ALINE KURTZMANN
Abstrat. The aim of this paper is to study the long-term behaviour of a lass of self-interating dif-
fusion proesses on R
d
. These are solutions to SDEs with a drift term depending on the atual position
of the proess and its normalized oupation measure µt. These proesses have so far been studied
on ompat spaes by Benaïm, Ledoux and Raimond, using stohasti approximation methods. We
extend these methods to R
d
, assuming a onnement potential satisfying some onditions. These
hypotheses on the onnement potential are required sine in general the proess an be transient,
and is thus very diult to analyze. Finally, we illustrate our study with an example on R
2
.
1. Introdution
This paper addresses the long-term behavior of a lass of `self-interating diusion' proesses
(Xt, t ≥ 0) on non-ompat spaes. These proesses are time-ontinuous, non-Markov and live on
Rd. They are solutions to a kind of diusion SDEs, whose drift term depends on the whole past of
the path through the oupation measure of the proess. Due to their non-Markovianity, they often
exhibit an interesting ergodi behavior.
1.1. Previous results on self-interating diusions. Time-ontinuous self-interating proesses,
also named `reinfored proesses', have already been studied in many ontexts. Under the name of
`Brownian polymers', Durrett & Rogers [9℄ rst introdued them as a possible mathematial model
for the evolution of a growing polymer. They are solutions of SDEs of the form
dXt = dBt + dt
∫ t
0
dsf(Xt −Xs)
where (Bt; t ≥ 0) is a standard Brownian motion on R
d
and f is a given funtion. As the proess
(Xt; t ≥ 0) evolves in an environment hanging with its past trajetory, this SDE denes a self-
interating diusion, either self-repelling or self-attrating, depending on f .
Another modelisation, with dependene on the (onvoled) normalized oupation measure (µt, t ≥
0), has also been onsidered sine the work of Benaïm, Ledoux & Raimond [4℄. They introdued a
proess living in a ompat smooth onneted Riemannian manifold M without boundary:
(1.1) dXt =
N∑
i=1
Fi(Xt) ◦ dB
i
t −
∫
M
∇xW (Xt, y)µt(dy)dt,
where W is a (smooth) interation potential, (B1, · · · , BN ) is a standard Brownian motion on RN
and the symbol ◦ stands for the Stratonovih stohasti integration. The family of smooth vetor
elds (Fi)1≤i≤N omes from the Hörmander `sum of squares' deomposition of the Laplae-Beltrami
operator ∆ =
∑N
i=1 F
2
i . The normalized oupation measure µt is dened by:
(1.2) µt :=
r
r + t
µ+
1
r + t
∫ t
0
δXsds
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where µ is an initial probability measure and r is a positive weight. In the ompat-spae ase,
they showed that the asymptoti behavior of µt an be related to the analysis of some deterministi
dynamial ow dened on the spae of the Borel probability measures. They went further in this
study in [5℄ and gave suient onditions for the a.s. onvergene of the normalized oupation
measure. When the interation is symmetri, µt onverges a.s. to a loal minimum of a nonlinear free
energy funtional (eah loal minimum having a positive probability to be hosen). All these results
are summarized in a reent survey of Pemantle [17℄.
The present paper follows the same lead and extends the results of Benaïm, Ledoux & Raimond
[4℄ in the non-ompat setting. We present all results in the Eulidean spae Rd for the sake of
simpliity, but, they an be extended to the ase of a omplete onneted Riemannian manifold M
without boundary with no further diulty than the use of notations and a bit of geometry. The
point is to involve the Rii urvature in the onditions and work on the spae M\ut(o), where
ut(o) is the ut lous of o (whih has zero-mean).
1.2. Statement of the problem. Here we set the main denitions: let us onsider a onnement
potential V : Rd → R+ and an interation potential W : R
d × Rd → R+. For any bounded Borel
measure µ, we onsider the `onvoled' funtion
(1.3) W ∗ µ : Rd → R, W ∗ µ(x) :=
∫
Rd
W (x, y)µ(dy).
Our main objet of interest is the self-interating diusion solution to

dXt = dBt − (∇V (Xt) +∇W ∗ µt(Xt)) dt
dµt = (δXt − µt)
dt
r+t
X0 = x, µ0 = µ
(1.4)
where (Bt) is a d-dimensional Brownian motion. Our goal is to study the long-term behavior of
(µt, t ≥ 0). Let us reall that the main dierene with the previous work [4℄ is that the state spae is
Rd and hene is not ompat anymore. However, we will be able to extend the results obtain in the
ompat ase: the behavior of µt is losely related to the behavior of a deterministi ow. We will
also give some suient onditions on the interation potential in order to prove ergodi results for
the proess (Xt, t ≥ 0).
Before stating the theorems proved in this paper, let us briey desribe the main results obtained so
far on self-interating diusions in non-ompat spaes. They onern the model of Durrett & Rogers,
and an be lassied in three ategories. The rst one is when f is real, ompatly supported and its
sign is onstant. Cranston & Mountford [7℄ have solved a (partially proved) onjeture of Durrett &
Rogers and shown that Xt/t onverges a.s. The seond one deals with attrating interation on R (i.e.
xf(x) ≤ 0 for all x ∈ R) studied in the onstant ase by Cranston & Le Jan [6℄ and its generalization by
Raimond [18℄ in the d-dimensional onstant" ase f(x) = −ax/‖x‖, or by Herrmann & Roynette [10℄
for a loal interation. Under some onditions, it is proved that Xt onverges a.s., whereas for a non-
loal interation, it does not in general (but the paths are a.s. bounded for f(x) = −sign(x)1l|x|≥a).
The third one onerns a non-integrable repulsive f on R (i.e. xf(x) ≥ 0 for all x ∈ R) studied by
Mountford & Tarrès [16℄ and solving a onjeture of Durrett & Rogers. They have proved that for
f(x) = x/(1 + |x|1+β), with 0 < β < 1, there exists a positive c suh that with probability 1/2, the
symmetri proess t−2/(1+β)Xt onverges to c.
These previous works have in ommon that the drift may overome the noise, so that the random-
ness of the proess is ontrolled". To illustrate that, let us mention, for the same model of Durrett
& Rogers, the ase of a repulsive funtion f of ompat support, also onjetured in [9℄, whih is still
unsolved.
Conjeture 1. [9℄ Suppose that f : R → R is an odd funtion, of ompat support. Then Xt/t
onverges a.s. to 0.
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Coming bak to our proess of interest, the role of the onnement potential is to similarly ontrol"
the drift term of the diusion. Indeed, for the proess (1.4) with V = 0, the interation potential is
in general not strong enough for the proess to be reurrent, and the behavior is then very diult to
analyze. In partiular, it is hard to predit the relative importane of the drift term (in ompetition
against the Brownian motion) in the evolution.
1.2.1. Tehnial assumptions on the potentials. In the sequel, (·, ·) stands for the Eulidian salar
produt. We denote by (H) the following hypotheses:
i) (regularity and positivity) V ∈ C2(Rd) and W ∈ C2(Rd × Rd) and V ≥ 1, W ≥ 0;
ii) (onvexity) V is a stritly uniformly onvex funtion: there exists K > 0 suh that for all
x, ξ ∈ Rd: (∇2V (x)ξ, ξ) ≥ K|ξ|2;
iii) (growth) there exist c, C > 0, δ > 1 suh that for all x large enough, (∇V (x), x) ≥ c|x|2δ and
for all x, y ∈ Rd
(1.5) |∇V (x)−∇V (y)| ≤ C(|x− y| ∧ 1)(V (x) + V (y));
iv) (domination) there exists κ ≥ 1 suh that for all x, y ∈ Rd,
(1.6) W (x, y) + |∇xW (x, y)|+ |∇
2
xxW (x, y)| ≤ κ (V (x) + V (y)) ;
v) (urvature) there exist α > −1, M ∈ R suh that for all x, y, ξ ∈ Rd
(1.7)
(x,∇xW (x, y))
(x,∇V (x))
→ α and
(
(∇2V (x) +∇2xxW (x, y))ξ, ξ
)
≥M |ξ|2.
Remark 1.1. 1) The most important onditions are the domination iv) and the urvature v).
2) The growth ondition (1.5) on V ensures that there exists a > 0 suh that for all x ∈ Rd, we have
(1.8) ∆V (x) ≤ aV (x).
3) The positivity and domination onditions (1.6) on the interation potential are not so hard to
be satised, sine the self-interating proess will be invariant by the gauge transform W (x, y) 7→
W (x, y) + φ(y) for any funtion φ that does not grow faster than V .
1.2.2. Results. We an now desribe the behavior of µt.
Theorem 1.2. Suppose (H).
1) Px,r,µ-a.s., the ω-limit set of (µt, t ≥ 0) is weakly ompat, invariant by Φ and admits no other
(sub-)attrator than itself.
2) If W is symmetri, then, Px,r,µ-a.s., the ω-limit set of (µt, t ≥ 0) is a onneted subset of set of
xed points of the probability measure proportional to e−2(V+W∗µ)(x)dx.
Even if the model studied ould at a rst glane seem restritive (beause of V ), the drift term an
really ompete against the Brownian motion, as shown by the following:
Theorem 1.3. Consider the self-interating diusion on R2, with V (x) = V (|x|) and W (x, y) =
(x,Ry). Let γ(ρ) := e−2V (ρ)/Z. Then one of the following holds:
(1) If V is suh that
∫∞
0 dργ(ρ)ρ
2 cos(θ) > −1, then a.s. µt
(w)
−−→ γ;
(2) Else, we get two dierent ases:
a) if θ = π then there exists a random measure µ∞ suh that a.s. µt
(w)
−−→ µ∞,
b) if θ 6= π, then the ω-limit set ω(µt, t ≥ 0) = {ν(δ), 0 ≤ δ < 2π} a.s., that is µt irles
around.
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1.3. Outline of ontents. As mentioned earlier, the main diulty here stems from the non-
ompatness of the state spae. The way to get around it is rst to introdue the V -norm in Setion
2 (also named `dual weighted norm') and then show that (µt, t ≥ 0) is a tight family of measures
in 6.1. Seond, the dynamial system involved in the study indues only a loal semiow and not
neessarily a global one. But, we will show in 4.2 (for some ases), that the semiow does not ex-
plode. Last, dene the Feller diusion Xµ obtained by xing the oupation measure µt (appearing
in the drift term) to µ. Let note Aµ its innitesimal generator and Qµ its fundamental kernel, that
is Aµ ◦Qµ = Π(µ) − Id, where Π(µ) is the invariant probability measure of X
µ
. An essential point
of our study onsists in nding an upper bound for the operator Qµ. Indeed, one has to use here the
notion of (uniform) ultraontrativity in 5.1.
The organization of this paper is as follows. In the next setion, we introdue some notations and
the deterministi ow involved. We will also prove the existene and uniqueness of the random proess
studied. Setion 3 is devoted to the presentation of the main results and is divided in three parts.
First, we reall the former results and ideas of Benaïm and al [4℄. Then, we state the tightness of
(µt)t and introdue the uniform estimates on the Feller semigroup. We end this setion by desribing
the behavior of µt. After that, we analyze, in Setion 4, the deterministi semiow assoiated to
the self-interating diusion. We will prove the loal existene of the semiow and introdue two
important objets: the onvex hull of Im(Π) and the xed points of Π. Then, in Setion 5, we study
in details the family of Markov semigroups, orresponding to Xµ, for whih we prove the uniform
ultraontrativity property and the regularity of the operators Aµ and Qµ. The proofs of the main
results are in Setion 6, whih heavily relies on the spetral analysis of the preeding setion. We
begin Setion 6 by showing the tightness of (µt)t in 6.1. Then, 6.2 deals with the approximation of
the normalized oupation measure (µt, t ≥ 0) by a deterministi semiow. In 6.3, we prove Theorem
1.2. Finally, Setion 7 is devoted to the illustration in dimension d = 2 stated in Theorem 1.3.
2. Preliminaries and Tools
2.1. Some useful measure spaes. We denote by M(Rd) the spae of signed (bounded) Borel
measures on Rd and by P(Rd) its subspae of probability measures. We will need the following
measure spae:
(2.1) M(Rd;V ) := {µ ∈ M(Rd);
∫
Rd
V (y)|µ|(dy) <∞},
where |µ| is the variation of µ (that is |µ| := µ+ + µ− with (µ+, µ−) the Hahn-Jordan deomposition
of µ). This spae will enable us to always hek the integrability of V (and therefore of W and its
derivatives thanks to the domination ondition (1.6)) with respet to the measures to be onsidered.
For example it ontains the measure
(2.2) γ(dx) := exp (−2V (x))dx.
We endow M(Rd;V ) with the following dual weighted supremum norm (or dual V -norm) dened by
(2.3) ||µ||V := sup
ϕ;|ϕ|≤V
∣∣∣∣
∫
Rd
ϕdµ
∣∣∣∣ , µ ∈ M(Rd;V ).
This norm naturally arises in the approah to ergodi results for time-ontinuous Markov proesses
of Meyn & Tweedie [15℄. It makes M(Rd;V ) a Banah spae. To illustrate the need of this spae, we
state an easy result that will be used many times:
Lemma 2.1. For any µ ∈ M(Rd;V ) the funtion W ∗ µ belongs to C2(Rd) and we have the estimate
|W ∗ µ(x)| ≤ 2κ||µ||V V (x).
Proof. Straightforward thanks to the domination ondition (1.6). 
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In the following, we will onsider probability measures only. Thus we set, P(Rd;V ) := M(Rd;V )∩
P(Rd). The strong topology on P(Rd;V ) is the trae topology of the one dened on M(Rd;V ). It
makes P(Rd;V ) a omplete metri spae (for the norm distane). Finally, for any β > 1, we introdue
the subspae
(2.4) Pβ(R
d;V ) := {µ ∈ P(Rd);
∫
Rd
V (y)µ(dy) ≤ β}.
2.2. The family of semigroups (Pµt ). In all the following, (Ω,F , (Ft)t,P) will be a ltered prob-
ability spae satisfying the usual onditions. For any Borel probability measure µ ∈ P(Rd;V ), let
(Xµt , t ≥ 0) be the Feller diusion dened by the following SDE{
dXµt = dBt − (∇V (X
µ
t ) +∇W ∗ µ(X
µ
t )) dt,
Xµ0 = x.
(2.5)
Proposition 2.2. The diusion Xµt a.s. never explodes.
Proof. It is enough to hek with the It formula that the funtion
(2.6) Eµ(x) := V (x) +W ∗ µ(x).
is a Lyapunov funtion. To see it, we notie that the growth and domination onditions (1.5) and
(1.6) on the potentials imply the existene of D > 0 suh that:
(2.7) ∆Eµ(x) ≤ 2DV (x) ≤ 2DEµ(x).
As a by-produt we get the naive (but useful!) estimate
(2.8) EEµ(X
µ
t ) ≤ Eµ(x)e
Dt.

Now we denote by (Pµt ; t ≥ 0) the Markov semigroup assoiated to X
µ
t . We onsider the dierential
operator Aµ dened on C
∞(Rd) by
Aµf :=
1
2
∆f − (∇V +∇W ∗ µ,∇f)(2.9)
Aµ orresponds to the innitesimal generator of the true diusion (2.5). We emphasize that (X
µ
t )
is a positive-reurrent (reversible) diusion and denote by Π(µ) ∈ P(Rd;V ) its unique invariant
probability measure:
(2.10) Π(µ)(dx) :=
e−2W∗µ(x)
Z(µ)
γ(dx)
where Z(µ) :=
∫
Rd
e−2W∗µ(x)γ(dx) < +∞ is the normalization onstant. To end this part, we reall
the lassial ergodi theorem for Xµt . We introdue the weighted supremum norm (or V -norm)
(2.11) ||f ||V := sup
x∈Rd
|f(x)|
V (x)
,
and the spae of ontinuous V -bounded funtions
(2.12) C0(Rd;V ) := {f ∈ C0(Rd) : ||f ||V <∞}
Similarly let Cp(Rd;V ) := Cp(Rd) ∩ C0(Rd;V ) for all integer p ≥ 1. The ergodi theorem says that
a.s. we have, for all f ∈ C0(Rd;V ):
(2.13) lim
t→∞
1
1 + t
∫ t
0
f(Xµs )ds = Π(µ)f.
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2.3. The innite-dimensional ODE. We introdue a dynamial system on the set of probability
measures P(Rd;V ). We will assume the existene of the semiow Φ : R+ × P(R
d;V ) → P(Rd;V )
dened by {
Φt(µ) = e
−tµ+ e−t
∫ t
0 e
sΠ(Φs(µ)) ds,
Φ0(µ) = µ.
(2.14)
Remark 2.3. In Setion 4, we will prove the loal existene of the semiow, and, for W symmetri
or bounded, we will prove it never explodes.
In order to study the semiow Φ, we will need to endow the spae P(Rd;V ) with dierent topologies.
When nothing else is stated, we will onsider that it is endowed with the strong topology dened by
the dual weighted supremum norm || · ||V . But, as the reader will notie, we will frequently need to
swith from the strong topology to the weak topology of onvergene of measures. We adopt here
a non-standard denition ompatible with possibly unbounded funtions (yet dominated by V ): for
any sequene of probability measures (µn, n ≥ 1) and any probability measure µ (all belonging to
P(Rd;V )), we dene the weak onvergene as:
(2.15) µn
w
−→ µ if and only if
∫
Rd
ϕdµn −→
n→∞
∫
Rd
ϕdµ, ∀ϕ ∈ C0(Rd;V ).
We point out that our denition of the weak onvergene is stronger than the usual one. We reall
that P(Rd;V ), equipped with the weak topology, is a metrizable spae. Sine C0(Rd;V ) is separable,
we exhibit a sequene (fk)k dense in {f ∈ C
0(Rd;V )/||f ||V ≤ 1}, and set for all µ, ν ∈ P(R
d;V ):
d(µ, ν) :=
∞∑
k=1
2−k|µ(fk)− ν(fk)|.(2.16)
Then the weak topology is the metri topology generated by d.
2.4. The self-interating diusion. We reall the self-interating diusion onsidered here:

dXt = dBt − (∇V (Xt) +∇W ∗ µt(Xt)) dt
dµt = (δXt − µt)
dt
r+t
X0 = x, µ0 = µ
Proposition 2.4. For any x ∈ Rd, µ ∈ P(Rd;V ) and r > 0, there exists a unique global strong
solution (Xt, µt, t ≥ 0).
Proof. First, we point out that, for all t > 0 suh that (Xs, s ≤ t) is dened, µt ∈ P(R
d;V ). In order
to show that the solution never explodes, we use again the Lyapunov funtional (x, µ) 7→ Eµ(x) (see
(2.6)). As the proess (t, x) 7→ Eµt(x) is of lass C
2
(in the spae variable) and is a C1-semi-martingale
(in the time variable), the generalized It formula (or It-Ventzell formula, see [12℄), applied to
(t, x) 7→ Eµt(x) implies
Eµt(Xt) = Eµ(x) +
∫ t
0
(∇Eµs(Xs),dBs)−
∫ t
0
|∇Eµs(Xs)|
2 ds
+
1
2
∫ t
0
∆Eµs(Xs)ds+
∫ t
0
(W (Xs,Xs)−W ∗ µs(Xs))
ds
r + s
.
Let us introdue the sequene of stopping times
τn := inf{t ≥ 0; Eµt(Xt) +
∫ t
0
|∇Eµs(Xs)|
2 ds > n}.
We note that
∫ t∧τn
0 (∇Eµs(Xs),dBs) is a true martingale. Again equation (2.6) implies
EEµt∧τn (Xt∧τn) ≤ Eµ(x) +D
∫ t
0
EEµs∧τn (Xs∧τn)ds.
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Therefore Gronwall's lemma leads to the same kind of estimate as for Xµ:
EEµt∧τn (Xt∧τn) ≤ Eµ(x)e
Dt.
As lim
|x|→∞
V (x) = ∞, the proess (Xt, t ≥ 0) does not explode in a nite time and the SDE (1.4)
admits a global strong solution. 
3. Main results
3.1. Former tools and general idea. We reall how Benaïm, Ledoux & Raimond handled in [4℄
the asymptoti behavior of µt in a ompat spae. Indeed, we sketh here the general idea of the
study and explain why the tools introdued in the preliminary Setion arise quite naturally.
Begin to onsider that the oupation measure appearing in the drift is `frozen' to some xed
measure µ. We obtain the Feller diusion Xµt . For this diusion, it is easy to prove the existene of
a spetral gap, and that the semigroup (Pµt ; t ≥ 0) is exponentially V -uniformly ergodi:
(3.1) ||Pµt f −Π(µ)f ||V ≤ K(µ)||f ||V e
−c(µ)t, f ∈ C0(Rd;V ).
To get, as by-produt, the almost sure onvergene of the empirial oupation measure of the proess
Xµt (see (2.13)), a standard tehnique is to onsider the operator (sometimes alled the `fundamental
kernel' as in Kontoyiannis & Meyn [11℄) for any f ∈ C∞(Rd;V )
(3.2) Qµf :=
∫ ∞
0
(Pµt f −Π(µ)f) dt
Then it is enough to apply the It formula to Qµf(X
µ
t ) and divide both members by t to get the
desired result. Indeed one has
Qµf(X
µ
t ) = Qµf(x) +
∫ t
0
(∇Qµf(X
µ
s ),dBs) +
∫ t
0
AµQµf(X
µ
s )ds.
Some easy bounds on the semigroup (Pµt ) are enough to prove that almost all terms are negligible
ompared to t and it remains to reognize the third term sine AµQµf = Π(µ)f − f .
Now when µt hanges in time, we still an write a onvenient extended form of the It formula
(whih let appear the time derivative of Qµtf(x)) but we need to improve the remainder of the
argument. Intuitively, the distane between the time-derivative of µet and the term Π(µet) − µet
onverges to zero a.s. As for stohasti approximation proesses, one expets the trajetories of µt
to approximate the trajetories of a deterministi semiow, meaning that the empirial measure µt
is an asymptoti pseudotrajetory for the semiow Φ indued by Π(µ) − µ. This very last remark
onveyed to Benaïm & al [4℄ the idea of omparing the asymptoti evolution of (µt; t ≥ 0) with the
semiow (Φt(µ)).
The notion of asymptoti pseudotrajetory was rst introdued in Benaïm & Hirsh [3℄. It is parti-
ularly useful to analyze the long-term behavior of stohasti proesses, onsidered as approximations
of solutions of ordinary dierential equation (the ODE method"). Let us give here some denitions.
Denition 3.1. i) For every ontinuous funtion ξ : R+ → P(R
d;V ), the ω-limit set of ξ, denoted
by ω(ξt, t ≥ 0), is the set of limits of weak onvergent sequenes ξ(tk), tk ↑ ∞, that is
(3.3) ω(ξt, t ≥ 0) :=
⋂
t≥0
ξ([t,∞)),
where ξ([t,∞)) stands for the losure of ξ([t,∞)) aording to the weak topology.
ii) A ontinuous funtion ξ : R+ → P(R
d;V ) is an asymptoti pseudotrajetory (or asymptoti
pseudo-orbit) for the semiow Φ if for all T > 0,
(3.4) lim
t→+∞
sup
0≤s≤T
d(ξt+s,Φs(ξt)) = 0.
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The purpose here is to nd an asymptoti pseudotrajetory for the semiow Φ dened by (2.14).
3.2. New tools: tightness and uniform estimates. We will prove that we an nd β > 1 suh
that µt ∈ Pβ(R
d;V ) Px,r,µ−a.s. for t large enough. Remark, that this last set is ompat for the
weak topology, and so (µt, t ≥ 0) is a.s. tight. Then, we have to obtain preise bounds on the family
of semigroups (Pµt , t ≥ 0) where µ ∈ Pβ(R
d;V ). Obviously, while using the ergodi estimates (3.1),
we would like to get bounds that are uniform in µ.
3.2.1. Tightness. The paper of Benaïm & al [4℄ ruially relies on the ompatness of the manifold
M where the diusion lives. This ompatness readily implies that the proess (µt, t ≥ 0) will very
fast be lose to the `invariant' probability measure Π(µt). On the ontrary, if the state spae is R
d
and V ≡ 0, then X will esape from any ompat set. Indeed, the onnement potential V fores
the proess (µt, t ≥ 0) to remain in a (weakly) ompat spae of measures, for t large, and X is then
reurrent. We rst exhibit a useful weakly ompat set, for β > 0:
Proposition 3.2. Pβ(R
d;V ) is a weakly ompat subset of P(Rd;V ).
Proof. It is lear that Pβ(R
d;V ) is weakly losed. The Prohorov theorem shows that it is enough to
prove that Pβ(R
d;V ) is tight. For every a > 0 and µ ∈ Pβ(R
d;V ), we have
min
|x|>a
V (x) µ ({|x| > a}) ≤
∫
|x|>a
V (x)µ(dx) ≤ β.
Sine V (x) → ∞ when |x| → ∞, we see that, for every ε > 0, we an hoose a large enough suh
that µ ({|x| > a}) ≤ ε uniformly in µ ∈ Pβ(R
d;V ). 
Proposition 3.3. There exists β > 1 suh that µt ∈ Pβ(R
d;V ) for all t large enough, Px,r,µ-a.s.
The proof is postponed to Setion 6. Combined with Proposition 3.2, it implies that the family
(µt, t ≥ 0) is a.s. tight.
3.2.2. Uniform estimates on the semigroup. A priori, it is not obvious (in a non-ompat spae), that
the semigroup (Pµt ) admits a (uniform) spetral gap. But this is true here. We will indeed prove a
stronger result: (Pµt ) is uniformly ultraontrative, i.e. it is uniformly bounded as an operator from
L2(Π(µ)) to L∞. Setion 5 will be devoted to those uniform properties of the family of semigroups
(Pµt ; t, µ).
Proposition 3.4. The family of semigroups (Pµt , t ≥ 0, µ ∈ Pβ(R
d;V )) is uniformly ultraontrative:
there exists c > 0 independent from µ suh that for all 1 ≥ t > 0 and µ ∈ Pβ(R
d;V ), we have
(3.5) ||Pµt ||2→∞ := sup
f∈C∞(Rd;V )\{0}
||Pµt f ||∞
‖f‖2,µ
≤ exp
(
ct−δ/(δ−1)
)
.
Corollary 3.5. The family of measures
(
e−2W∗µ(x)γ(dx), µ ∈ Pβ(R
d;V )
)
, satises a logarithmi
Sobolev inequality and there exists a uniform spetral gap for the family of measures (Π(µ), µ ∈
Pβ(R
d;V )). It orresponds to: ∃C,C1, C2 > 0, independent of µ, suh that ∀f ∈ C
∞(Rd;V ):
i)
∫
f2 log
(
f2
||f ||2,µ
)
e−2W∗µdγ ≤ C2
∫
|∇f |2e−2W∗µdγ.
ii)
∫
f2dΠ(µ)−
(∫
fdΠ(µ)
)2
≤ C1
∫
|∇f |2dΠ(µ).
Furthermore, ∀t ≥ 0, ||Pµt (Kµf)||2,µ ≤ e
−t/C ||Kµf ||2,µ.
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Proof. i) When a semigroup has the ultraontrativity property, then it is hyperontrative. As the
uniform hyperontrativity is equivalent to the uniform Sobolev logarithmi inequality, we onlude.
ii) Rothaus [20℄ has proved that if a measure satises a logarithmi Sobolev inequality with onstant
c, then it also satises a Poinaré inequality with onstant 1/c. Moreover, satisfying a Poinaré
inequality is equivalent to the existene of a spetral gap. We easily bound Z(µ) ≥
∫
e−2κ(V+β)dγ.
From ii), we nd the following estimate on the semigroup (Pµt )t≥0 (see Bakry [1℄): there exists a
uniform (in µ) onstant C > 0 suh that for all t ≥ 0, f ∈ C∞(Rd;V ), we get
||Pµt (Kµf)||2,µ ≤ e
−t/C ||Kµf ||2,µ.

3.3. The ω-limit set.
3.3.1. Main results. We will show that the time-hanged proess µh(t) (and not µt) is an asymptoti
pseudotrajetory for Φ, where h is the deterministi time-hange dened by
(3.6) h(t) := r(et − 1)∀t ≥ 0.
It omes from the normalization of the oupation measure µt. The fator (r+ t)
−1
disappears while
onsidering
d
dt
µh(t) = δXh(t) − µh(t).
Theorem 3.6. Under Px,r,µ, the funtion t 7→ µh(t) is almost surely an asymptoti pseudotrajetory
for Φ.
The proof is given in Setion 6. This theorem enables us to desribe the limit set of (µt):
Corollary 3.7. Px,r,µ-a.s., ω(µt, t ≥ 0) is weakly ompat, invariant by Φ and attrator-free. It is
also ontained in the onvex hull of the image of Π.
An attrator-free set is a set that ontains no (sub-)attrator (other than itself). The exat denition
will be given later, in Setion 6.
Theorem 3.8. Assume that W is symmetri. Then, Px,r,µ-a.s., the ω−limit set of (µt, t ≥ 0) is a
onneted subset of the xed points of Π.
The proof is given in Setion 6. It immediately implies the following
Corollary 3.9. Suppose that W is symmetri. If Π admits only nitely many xed points, then
Px,r,µ-a.s., (µt; t ≥ 0) onverges to one of them.
3.3.2. A suient ondition for the global onvergene. For a symmetri W , we introdue the free
energy (up to a multipliative onstant) orresponding to the ODE studied
(3.7) F(µ) :=
∫
Rd
log
(
dµ
dγ
)
dµ+
∫
Rd×Rd
W (x, y)µ(dx)µ(dy).
This funtional is the sum of an entropy and an interating energy term. The ompetition between
them an imply the existene of a unique minimizer for F (see [23℄).
Theorem 3.10. Suppose that W is symmetri and for all y ∈ Rd, the funtion x 7→ V (x)+W (x, y) is
stritly onvex. Then there exists a unique probability measure µ∞ suh that lim
t→∞
µt = µ∞ Px,r,µ−a.s.
Proof. Under our hypothesis, MCann has proved in [14℄ that F has a unique ritial point µ∞, whih
is a unique global minimum. It is also the unique xed point of Π. So, lim
t→∞
µt = µ∞ Px,r,µ − a.s. 
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4. Study of the dynamial system Φ
4.1. Dierentiating funtions of probability measures. Here we endow the spae P(Rd;V )
with a struture of innite-dimensional dierentiable manifold. This struture will be used only for
dierentiating funtions dened on P(Rd;V ), whih will be needed in the study of the semiow and
below in Setion 5.
For any µ ∈ P(Rd;V ) we onsider the set Cp(µ) (p ≥ 1) of (germs of) urves dened on some
neighborhood of zero (−ε, ε) with values in P(Rd;V ), passing through µ at time zero and that are of
lass Cp when they are onsidered as funtions with values in the Banah spae M(Rd;V ). Now we
say that a funtion φ : P(Rd;V )→ R is of lass Cp if for any µ ∈ P(Rd;V ) and any urve f ∈ Cp(µ)
the real funtion φ◦f is of lass Cp. This will enable to dene the dierential of suh a funtion φ. For
any µ the tangent spae at µ to P(Rd;V ) an be identied with the spae M0(R
d;V ) of zero-mass
measures in M(Rd;V ). The dierential is then the linear operator:
(4.1) Dφ(µ) · ν =
d
dt
φ(µ + tν)|t=0, ν ∈ M0(R
d;V ).
The same denition an apply for funtions with values in a Banah spae or even in P(Rd;V ). As
an example (to be used!), the maps µ 7→ W ∗ µ(x) (for any point x) and Π (applying the Lebesgue
theorem) are C∞.
4.2. Existene of the semiow. We rst prove the loal existene of the semiow and then give
suient onditions on the potentials for non-explosion. We reall the equation:
(4.2) Φt(µ) = e
−tµ+ e−t
∫ t
0
esΠ(Φs(µ)) ds.
For proving the loal existene of a solution, sine P(Rd;V ) is not a vetor spae, we will proeed
diretly by approximation. The following lemma is helpful in order to nd a good seurity ylinder.
Lemma 4.1. For any β > 1, the appliation Π restrited to Pβ(R
d;V ) is bounded and Lipshitz.
Proof. First we need to show that µ 7→ Z(µ) is bounded from below. For µ ∈ Pβ(R
d;V ), Lemma 2.1
asserts that W ∗ µ(x) ≤ 2κβV (x). So we get:
Z(µ) =
∫
Rd
e−2W∗µ(x)γ(dx) ≥
∫
Rd
e−4κβV (x)γ(dx)
and thus we have the following bound for Π(µ):
(4.3) ||Π(µ)||V ≤
(∫
Rd
e−4κβV (x)γ(dx)
)−1 ∫
Rd
V (x)γ(dx) =: Cβ.
We know that Π is C∞ on P(Rd;V ) with the strong topology. Its dierential (at µ) is the ontinuous
linear operator DΠ(µ) :M0(R
d;V )→M0(R
d;V ) dened by
(4.4) DΠ(µ) · ν(dx) := −2
(
W ∗ ν(x)−
∫
Rd
W ∗ ν(y)Π(µ)(dy)
)
Π(µ)(dx).
Fix ν ∈ M0(R
d;V ). Sine |W ∗ ν(x)| ≤ 2κ||ν||V V (x), we nd that
||DΠ(µ) · ν||V ≤ 4κ(1 + Cβ)||ν||V
∫
Rd
V 2(x)Π(µ)(dx).
But for µ ∈ Pβ(R
d;V ), the same omputation used for the bound of Π(µ) enables to ontrol the last
integral, hene we get a bound (all it C ′β) on the dierential and Π is Lipshitz as stated. 
Proposition 4.2. For all µ ∈ P(Rd;V ) the ODE has a loal solution. This denes a C∞ semiow
Φ for the strong topology.
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Proof. Let µ belong to Pβ(R
d;V ) where we hoose β > 2||µ||V . We introdue the lassi Piard
approximation sheme: {
µ
(0)
t := µ,
µ
(n)
t := e
−tµ+
∫ t
0 e
s−tΠ
(
µ
(n−1)
s
)
ds.
We set ε small enough suh that ||µ||V + (1 − e
−ε)Cβ ≤ β and εC
′
β < 1 where both onstants
were dened in Lemma 4.1. Then, for all n, µ
(n)
t is dened and belongs to Pβ(R
d;V ), whih makes
[0, ε) × Pβ(R
d;V ) a good seurity ylinder. We have, for t < ε,
||µ
(n+1)
t − µ
(n)
t ||V ≤ (1− e
−ε)C ′β sup
t<ε
||µ
(n)
t − µ
(n−1)
t ||V .
Now the series with general term supt<ε ||µ
(n+1)
t −µ
(n)
t ||V onverges and thus the sequene of funtions
µ(n) is Cauhy for the topology of uniform onvergene. Sine P(Rd;V ) is omplete, we have su-
essfully built a solution on [0, ε). There remains to show that the semiow is smooth. We have seen
that the map Π is C∞ for the strong topology. By indution, every Piard approximation µ 7→ µ
(n)
t
is C∞ and it is enough to take the limit uniformly in µ on Pβ(R
d;V ) to onlude. 
Denition 4.3. A subset A of P(Rd;V ) is positively invariant (negatively invariant, invariant) for
Φ provided Φt(A) ⊂ A (A ⊂ Φt(A), Φt(A) = A) for all t ≥ 0.
Proposition 4.4. Whenever thatW is either symmetri or bounded in the seond variable (W (x, y) ≤
κV (x)), then the semiow Φ does not explode.
Proof. The ase where W (x, y) is bounded in y is easy. Sine we have W (x, y) ≤ κV (x), mimiking
the proof of Lemma 4.1 enables to show that Π is globally bounded (all C the upper bound). This
means that Φt(µ) remains in the spae PC(R
d;V ), therefore it annot explode.
Let us now assume thatW is symmetri. We point out that the free energy (3.7) is not a Lyapunov
funtion for (4.2) beause in general the measure Φt(µ) is not absolutely ontinuous with respet to the
Lebesgue measure and so, F(Φt(µ)) = ∞. Thus, onsider the Lyapunov funtion E(µ) := F(Π(µ)).
Indeed, F restrited to absolutely ontinuous probability measures is a C∞ funtion for the strong
topology (V -norm). We ompute (thanks to the symmetry of W ) for ν ∈M0(R
d;V )
(4.5) DF(µ) · ν =
∫
Rd
[
log
(
dµ
dγ
(x)
)
+ 2W ∗ µ(x)
]
dν(x).
But we reall that Π is C∞ and equation (4.4). So, sine by omposition DE(µ) · ν = DF(Π(µ)) ◦
DΠ(µ) · ν, we obtain
DE(µ) · ν = −4
∫
Rd
(W ∗ Π(µ)−W ∗ µ)
(
W ∗ ν −
∫
Rd
W ∗ ν dΠ(µ)
)
dΠ(µ).
It remains to hoose ν = Π(µ)− µ in order to get
1
4
d
dt
E(Φt(µ)) = −
∫
Rd
(W ∗ ν)2dΠ(µ) +
(∫
Rd
W ∗ ν dΠ(µ)
)2
≤ 0.
Therefore, for all c > 0, the sets {µ; E(µ) ≤ c} are positively invariant. As they are (weakly) ompat,
the semiow annot explode. 
4.3. An important set. We introdue here a ruial objet for the analysis of the dynamial system
Φ. Let
(4.6) Im(Π) :=
{
Π(µ);µ ∈ P(Rd;V )
}
,
and denote its onvex hull by Îm(Π).
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Proposition 4.5. Îm(Π) is a positively invariant set for the semiow Φ whih ontains every nega-
tively invariant bounded subset of P(Rd;V ).
Proof. To prove the result, it is enough to show for every µ ∈ P(Rd;V ) and every t ≥ 0 the inequality
(4.7) dV
(
Φt(µ), Îm(Π)
)
≤ e−tdV
(
µ, Îm(Π)
)
,
where dV (µ,X) := inf{‖µ − ν‖V ; ν ∈ X}. But this inequality diretly results from the Jensen
inequality applied to the onvex ombination Φt(µ) = e
−tµ+ e−t
∫ t
0 e
sΠ(Φs(µ)) ds and to the onvex
map µ 7→ dV (µ, Îm(Π)). 
4.4. Fixed points of Π. We show how the free energy funtional F (3.7) an help to nd the xed
points of Π.
Proposition 4.6. Suppose that W is symmetri. Then the xed points of Π are the minima of F .
Proof. Equation (4.5) readily implies that, we have DF(µ) ·ν = 0 for all ν ∈ M0(R
d;V ) if and only if
µ = Π(µ). So, the xed points of Π are the ritial points of F . Moreover, F is a onvex funtional.
Indeed, it is a C∞ funtional (on the set of absolutely ontinuous measures), with seond dierential
D2F(µ). Let ν1, ν2 ∈ P(R
d;V ). We have:
D2F(µ) · (ν1, ν2) =
∫
Rd
ν1(x)ν2(x)µ(x)
−1γ(x)dx+
∫
Rd
∫
Rd
W (x, y)ν1(dx)ν2(dy)
and the onvexity is a onsequene of the nonnegativity of W . It then implies that µ = Π(µ) is a
minimum for F . 
Lemma 4.7. Whenever that W is either symmetri or bounded in the seond variable, then the set of
the xed points of Π,
{
µ ∈ P(Rd); Π(µ) = µ
}
, is a nonempty ompat (for the weak topology) subset
of P(Rd;V ).
Proof. Suppose rst that W is symmetri. We will again use the free energy. Let m := inf{E(µ);µ ∈
P(Rd;V )}. There exists a sequene of probability measures (µn) absolutely ontinuous with respet
to the Lebesgue measure suh that m ≤ E(µn) ≤ m + 1/n. But, as proved in Proposition 4.4, for
any c > 0, the set {µ; E(µ) ≤ c} is ompat. So, we extrat a subsequene (µnk), onverging (for the
weak topology) to µ∞. As µ 7→W ∗ µ and µ 7→ Π(µ) are two ontinuous funtions, µ 7→ E(µ) is also
weakly ontinuous and so E(µ∞) = m. We onlude by Proposition 4.6.
Suppose now that W is bounded in y: W (x, y) ≤ κV (x). We have proved in Lemma 4.4 that Π(µ)
maps (weakly) ontinuously the ompat onvex spae PC(R
d;V ) into itself. The Leray-Shauder
xed point theorem then ensures that the set
{
µ ∈ P(Rd;V ); Π(µ) = µ
}
is nonempty. 
5. Study of the family of semigroups (Pµt , t ≥ 0, µ ∈ Pβ(R
d;V ))
In this setion, we introdue two ruial funtional inequalities for the family of semigroups Pµt :
the spetral gap and the ultraontrativity. Sine we onsider these semigroups altogether for all the
measures µ ∈ Pβ(R
d;V ), we will prove that the onstants involved in those properties are uniform in
µ. The notion of ultraontrativity and its relation to the analysis of Markov semigroups were rst
studied by Davies and Simon [8℄ and reently by Rökner & Wang [19℄ for more general diusions.
The need for ultraontrativity will impose some kind of boundedness on the onvolution term in the
SDE that annot be easily removed. Finally, thanks to these properties, we ompute several estimates
that prepare the proof of Setion 6.
For any µ ∈ P(Rd;V ), let as usual L2(Π(µ)) denote the Lebesgue spae of Borel square-integrable
funtions with respet to the measure Π(µ). We remark that the spae depends on µ, but we will
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onsider mainly the subspae C0(Rd;V ) ⊂ L2(Π(µ)). We denote
(f, g)µ :=
∫
Rd
f(x)g(x)Π(µ)(dx)
the inner produt on this spae and ||.||2,µ the assoiated norm. We introdue two operators : Qµ is
the inverse" of Aµ, dened for any funtion f by
Qµf :=
∫ ∞
0
(Pµt f −Π(µ)f) dt(5.1)
and Kµ is the orthogonal projetor dened by
Kµf := f −Π(µ)f.(5.2)
They are linked together by the following relation ∀f ∈ C∞(Rd;V ),
Aµ ◦Qµ(f) = Qµ ◦ Aµ(f) = −Kµf.
Remark 5.1. The integrability of (Pµt f − Π(µ)f) will ome from the uniform spetral gap obtained
in Corollary 3.5.
5.1. Uniform ultraontrativity. To prove that the family of semigroups
(
Pµt , t ≥ 0, µ ∈ Pβ(R
d;V )
)
is uniformly ultraontrative, we will rely on the following result of Rökner & Wang:
Lemma 5.2. ([19℄ orollary 2.5) Let (Pt, t ≥ 0) be a Markov semigroup, with innitesimal generator
A := 12∆ − (∇U,∇), and ∇
2U ≥ −K. Assume that there exists a ontinuous inreasing map χ :
R+ 7→ R+ \ {0} suh that
(1) lim
r→∞
χ(r)
r =∞,
(2) the mapping gχ(r) := rχ(m log r) is onvex on [1,∞) for any m > 0,
(3) A|x|2 ≤ b− χ(|x|2) for some b > 0.
Then Pt has a unique invariant probability measure. If
∫∞
2
dr
rχ(m log r) < ∞, m > 0, then Pt is
ultraontrative.
If moreover χ(r) = χrδ, with χ > 0, δ > 1, then there exists c = c(b, χ) > 0 suh that for all
t ∈ (0, 1], ||Pt||2→∞ ≤ exp
(
ct−δ/(δ−1)
)
.
Proposition 3.4 . The family of semigroups (Pµt , t ≥ 0, µ ∈ Pβ(R
d;V )) is uniformly ultraontrative:
we have for all 1 ≥ t > 0 and µ ∈ Pβ(R
d;V )
(5.3) ||Pµt ||2→∞ := sup
f∈C∞(Rd;V )\{0}
‖Pµt f‖∞
‖f‖2,µ
≤ exp
(
ct−δ/(δ−1)
)
,
where c > 0 is independent from µ.
Proof. We apply Lemma 5.2 with U := V +W ∗ µ and nd that eah (Pµt )t≥0 is ultraontrative.
Indeed, the onditions (1.7) and the growth ondition on V , all together imply that there exist a, b > 0
suh that for µ ∈ Pβ(R
d;V )
Aµ|x|
2 = d− 2(∇W ∗ µ(x), x)− 2(∇V (x), x) ≤ b− a|x|2δ .
As we let χ(r) := rδ, with δ > 1, we nd that the onstant c is uniform in µ. Thus, we have the
uniform ultraontrativity. 
We reall that, as a onsequene of Proposition 3.4, there exists C > 0, uniform in µ, suh that
∀t ≥ 0,
||Pµt (Kµf)||2,µ ≤ e
−t/C ||Kµf ||2,µ.
We are now able to derive some usefull bounds on the operator Qµ.
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Proposition 5.3. For all ε > 0, there exists a positive onstant K(ε) suh that for all µ ∈ Pβ(R
d;V ),
x ∈ Rd, f ∈ C0(Rd;V ):
(5.4) |Qµf(x)| ≤ (εV (x) +K(ε))||f ||V .
Proof. Let t0 ∈ (0, 1] (we will hoose it preisely later). We have:
|Qµf(x)| ≤
∫ ∞
0
|Pµt (Kµf)(x)|dt =
∫ t0
0
|Pµt (Kµf)(x)|dt+
∫ ∞
t0
|Pµt (Kµf)(x)|dt.
We begin to work with the seond right-hand term. By use of the uniform ultraontrativity and the
uniform spetral gap, we have∫ ∞
t0
|Pµt (Kµf)(x)|dt =
∫ ∞
0
|Pµt0P
µ
t (Kµf)(x)|dt,∫ ∞
t0
|Pµt (Kµf)(x)|dt ≤ exp
(
ct
−δ/(δ−1)
0
)∫ ∞
0
e−t/C1dt||Kµf ||2,µ.
As Kµ is an orthogonal projetor, ‖Kµf‖2,µ ≤ ‖f‖2,µ ≤
(∫
V 2dΠ(µ)
)1/2
‖f‖V , and we get∫ ∞
t0
|Pµt (Kµf)(x)|dt ≤ C1 exp
(
ct
−δ/(δ−1)
0
)(∫
V 2dΠ(µ)
)1/2
||f ||V .
We now have to work with the rst right-hand term. We have with the naive estimate (2.8):
|Pµt f(x)| ≤ ||f ||V P
µ
t V (x) ≤ ||f ||V EEµ(X
µ
t ) ≤ Eµ(x)e
Dt‖f‖V .
Sine Eµ(x) ≤ 3κβV (x), we nally nd∫ t0
0
|Pµt Kµf(x)|dt ≤ 4κβ
∫ t0
0
eDtdt||f ||V V (x).
Now we hoose t0 small enough suh that 4κβ
∫ t0
0 e
Dtdt ≤ ε to onlude. 
Proposition 5.4. For all ε > 0, there exists K1(ε) > 0 suh that for all µ ∈ Pβ(R
d;V ), x ∈ Rd, f ∈
C∞(Rd;V ), we have Qµf ∈ C
1(Rd) and:
(5.5) |∇Qµf(x)| ≤ (εV (x) +K1(ε))||f ||V .
Proof. Suppose that f is smooth. We introdue two operators: the `arré du hamp Γ(f) = |∇f |2
and Γµ2 (f) = |∇
2f |2+(∇f,∇2(V +W ∗µ)∇f). As we have the urvature ondition (1.7), we get (for
the urvature M ∈ R) Γµ2 (f) ≥MΓ(f). The Γ2-riterion implies the following (see Ledoux [13℄ p22),
∀f ∈ C∞(Rd;V ), ∀t > 0
(5.6) |∇Pµt (Kµf)|
2 ≤
M
e2Mt − 1
|Pµt (Kµf)
2|.
Indeed, one an show that∫ ∞
t0
|∇Pµt (Kµf)(x)|dt ≤
√
M
e2Mt0 − 1
∫ ∞
0
[
Pt0(P
µ
t (Kµf))
2(x)
]1/2
dt
≤ C(t0)||f ||V
(∫
V 4dΠ(µ)
)1/4
where C(t0) = 2C1
√
M
e2Mt0−1
exp {ct
−δ/(δ−1)
0 /2}. Finally, similarly to Proposition 2.2, one proves that
ExV
2(Xµt ) ≤ E
2
µ(x)e
2Dt ≤ (3κβ)2V 2(x)e2Dt.

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5.2. Regularity with respet to the measure µ. First, onsider the Banah spae B of bounded
linear operators from C∞(Rd;V ) ⊂ L2(γ), endowed with the norm ‖f‖2,µ,1 := ‖f‖2,µ + ‖Aµf‖2,µ, to
the same spae equipped with the standard quadrati norm. We endow B with the operator norm.
Then, Aµ obviously belongs to the losed subset of B onsisting in operators A suh that A1 = 0.
This allows us to state and prove the following:
Proposition 5.5. The mappings µ 7→ Aµ and µ 7→ Kµ are C
∞
. For any funtion f ∈ C∞(Rd;V ),
the appliation µ 7→ Qµf is C
∞
for the strong topology and we have for the dierentials (for any
µ ∈ P(Rd;V ), ν ∈ M0(R
d;V )):
D(Aµf) · ν = −(∇W ∗ ν,∇f);
D(Kµf) · ν = − (DΠ(µ) · ν) (f);
D(Qµf) · ν = (DΠ(µ) · ν) (Qµf) +Qµ(∇W ∗ ν,∇Qµf).
Proof. We already know that µ 7→W ∗ µ and Π are C∞; so there is nothing to prove in ase of Aµ or
Kµ. To look at Qµ, we need to onsider the resolvent operator of P
µ
t :
(5.7) Rµλ :=
∫ ∞
0
e−λtPµt dt = (λ−Aµ)
−1, ∀λ > 0.
For λ > 0, we dene the following approximation of Qµ
(5.8) Qµ(λ) :=
∫ ∞
0
e−λtPµt Kµdt = Kµ(λ−Aµ)
−1.
As µ 7→ Kµ and µ 7→ Aµ are C
∞
, we nd by omposition that the map µ 7→ Rµλf is C
∞
.
Now let β > 1 and onsider the measures in Pβ(R
d;V ). The uniform spetral gap shows that there
exist C,C1 > 0 suh that we have
||Qµf −Qµ(λ)f ||V ≤
∫ ∞
0
dt(1− e−λt)||Pµt Kµf ||V ≤ λC||f ||V
∫ ∞
0
te−tC1dt.
Hene the onvergene of Qµ(λ) towards Qµ is uniform with respet to µ on Pβ(R
d;V ). As a by-
produt, µ 7→ Qµf is ontinuous.
We have the following dierential:
DQµ(λ) · ν = (DKµ · ν)(λ−Aµ)
−1 +Kµ(λ−Aµ)
−1(DAµ · ν)(λ−Aµ)
−1
= (DΠ(µ) · ν)(λ−Aµ)
−1 +Kµ(λ−Aµ)
−1(∇W ∗ ν,∇)(λ−Aµ)
−1.
We will prove that eah right side term of the preeding equality onverges uniformly. For the rst
term, we have for all f ∈ C∞(Rd;V ):
(DΠ(µ) · ν)((λ−Aµ)
−1f) = (DΠ(µ) · ν)
(
Kµ(λ−Aµ)
−1f
)
and therefore
lim
λ→0+
(DΠ(µ) · ν)((λ−Aµ)
−1)f = (DΠ(µ) · ν) (Qµf)
where the onvergene is uniform in µ. It remains to prove the onvergene of the seond term. We
have
Kµ(λ−Aµ)
−1(∇W ∗ ν,∇)((λ−Aµ)
−1f) = Qµ(λ)(∇W ∗ ν,∇Qµ(λ)f).
If we manage to prove that ∇Qµ(λ)f onverges (uniformly in µ) to ∇Qµf , then we are done. We
have by denition of Qµ(λ):
∇Qµ(λ)f =
∫ ∞
0
∇(Pµt Kµf)e
−λtdt
and therefore
|∇Qµf −∇Qµ(λ)f | ≤
∫ ∞
0
|∇(Pµt Kµf)|(1− e
−λt)dt.
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We use inequality (5.6) to prove that this family of dierentials onverges uniformly with respet to
µ; so µ 7→ Qµf is atually C
1
with the dierential given in the statement of the proposition. 
Remark 5.6. Looking at the dierential D(Qµf), we see that it is itself a C
1
funtion of µ, so by
indution it an be proved that µ 7→ Qµf is C
∞
. We ould have also proved that µ 7→ Pµt f is C
∞
. But
these results will not be needed in the remainder.
Corollary 5.7. For every f ∈ C∞(Rd;V ), we have the uniform inequality
|(DQµ · ν)(f)(x)| ≤ (εV (x)
2 +K2(ε))‖f‖V ‖ν‖V .
Proof. We have the following:
|(DQµ · ν)(f)(x)| ≤ |(DΠ(µ) · ν)(Qµf)|+ |Qµ(∇W ∗ ν(x),∇Qµf(x))|.
We will treat eah of the two terms on the right side separately. If we onsider the seond right hand
term, we nd
|Qµ(∇W ∗ ν(x),∇Qµf(x))| ≤ (εV
2(x) +K(ε))||(∇W ∗ ν,∇Qµf)||V 2
≤ (εV 2(x) +K(ε))||∇W ∗ ν||V ||∇Qµf ||V
≤ (εV 2(x) +K ′(ε))||ν||V ||f ||V .
We work now with the other member of the inequality.
|(DΠ(µ) · ν)(Qµf)| ≤ 2
∫
|Qµf(x)|
∣∣∣∣W ∗ ν(x)−
∫
W ∗ νdΠ(µ)
∣∣∣∣Π(µ)(dx)
≤ C‖f‖V ||ν||V
∫
(εV (x) +K(ε))(V (x) + 1)Π(µ)(dx)
≤ C ′||f ||V ‖ν||V .
Putting the piees together, we are done. 
6. Behavior of the oupation measure
6.1. Tightness of (µt, t ≥ 0). Thanks to the potential V , we manage to obtain the weaker form of
ompatness of the oupation measure: tightness.
Proposition 3.3 . Let x, r, µ be given. Then there exists β > 1 suh that Px,r,µ−a.s. µt ∈ Pβ(R
d;V )
for all t large enough.
Proof. We set φ(t) :=
∫ t
0 V (Xs)ds. All we need to prove is that Px,r,µ−a.s. φ(t) = O(t). We use
again the Lyapunov funtional Eµ(x) = V (x) +W ∗ µ(x). We have already shown:
Eµt(Xt) = Eµ(x) +
∫ t
0
(∇Eµs(Xs),dBs)−
∫ t
0
|∇Eµs(Xs)|
2 ds
+
1
2
∫ t
0
∆Eµs(Xs)ds+
∫ t
0
(W (Xs,Xs)−W ∗ µs(Xs))
ds
r + s
.
The strong law of large numbers (for martingales) implies that a.s. for t large enough we will have∫ t
0 (∇Eµs(Xs),dBs) ≤
1
2
∫ t
0 |∇Eµs(Xs)|
2 ds, and therefore we get the a.s. inequality for t large enough:∫ t
0
|∇Eµs(Xs)|
2 ds ≤ 2Eµ(x) +
∫ t
0
∆Eµs(Xs)ds+
2
r
∫ t
0
W (Xs,Xs)ds.
Now we want to nd an integral inequality on φ. To this aim, we will ontrol separately eah of the
three terms of the last inequality and let φ(t) appear.
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i) From the growth assumption on V , for any ǫ > 0 we an nd kǫ > 0 suh that V ≤ kǫ+ ǫ|∇V |
2
,
thus by means of an integration we get a.s.
φ(t) ≤ kǫt+ ǫ
∫ t
0
|∇Eµs(Xs)|
2 ds.
ii) From the domination ondition (1.6) on W , we have ∆W ∗ µ(x) ≤ κ(V (x) + µ(V )); the growth
ondition (1.8) on V ensures the inequality ∆V ≤ aV for some a > 0; therefore we get a.s.
∆Eµs(Xs) ≤ κµ(V ) + (κ+ a)V (Xs) +
κ
r + s
φ(s).
iii) The domination ondition (1.6) leads also to
W (Xs,Xs) ≤ 2κV (Xs).
Putting all the piees together, we nd the following inequality (denoting by C1 a deterministi
positive onstant) for t large enough
φ(t) ≤ kǫt+ ǫ
(
(a+ 2κ)φ(t) + κ
∫ t
0
ds
r + s
φ(s) + C1t+
4κ
r
φ(t)
)
.
Now we hoose ǫ small enough suh that ǫ
(
a+ κ(2 + 4r )
)
< 1 and so, we have:
φ(t) ≤ C ′1t+
∫ t
0
C ′2ds
r + s
φ(s),
with C ′i another positive onstants. Finally, thanks to Gronwall's lemma, there exists a positive
deterministi onstant β suh that φ(t) ≤ βt for t large enough as required (beause C ′2 < 1). 
Proposition 6.1. Let β > 1 suh that µt ∈ Pβ(R
d;V ) for t large enough. For all n ∈ N, we have
that Ex,r,µ(V
n(Xt)) is bounded.
Proof. We drop the subsripts x, r, µ in the following. We will prove the result for the Lyapunov
funtion Eµ(x) instead of V . Let n = 1. We apply the It formula to (s, x) 7→ Eµs(x):
dEµs(Xs) = (∇Eµs(Xs),dBs)− |∇Eµs(Xs)|
2 ds+
1
2
∆Eµs(Xs)ds
+ (W (Xs,Xs)−W ∗ µs(Xs))
ds
r + s
.
The ondition (1.7) on V +W ∗ µ (uniform in µ) leads to (for t large enough):
∀α > 0,∃Kα = K(α, β, V ); Eµt(Xt) ≤ α|∇Eµt(Xt)|
2 +Kα.
From the domination ondition (1.6) on W and the growth ondition on V , there exists a > 0 suh
that ∆Eµt(Xt) ≤ aEµt(Xt). These bounds lead, for all t ≥ s large enough, to
EEµt(Xt) ≤ EEµs(Xs) +
1
2α
∫ t
s
(Kα − EEµu(Xu)) du+
a
2
∫ t
s
EEµu(Xu)du
+ κ
∫ t
s
EV (Xu)(r + u)
−1du.
Now, we an hoose α suh that 1/α − a = 2a and we reall that V (Xt) = O(t). Therefore the
preeding inequality beomes with M = M(β, V )
EEµt(Xt) ≤ EEµs(Xs)− a
∫ t
s
EEµu(Xu)du+M(t− s)
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We divide both sides by t− s and let s → t. Let x(t) := EEµt(Xt). Solving the preeding inequality
boil down to solve x˙ ≤M −ax. The solution satises x(t) ≤
(
x(0) +M
∫ t
0 e
asds
)
e−at and we nally
obtain:
EEµt(Xt) ≤ KV (x)e
−at +
M
a
(1− e−at).
We onlude the general ase n ≥ 1 by indution. 
6.2. Asymptoti behavior. We dene the family of measures {εt,t+s; t ≥ 0, s ≥ 0} by
εt,t+s :=
∫ t+s
t
(δXh(u) −Π(µh(u)))du.(6.1)
This family will play an important role: it will be essential for proving that t 7→ µh(t) is an asymptoti
pseudotrajetory for Φ.
Proposition 6.2. i) Let t be large enough. For all f ∈ C∞(Rd;V ) and every T > 0 there exists a
positive onstant K = K(V,W, x) suh that for all δ > 0
Px,r,µ
(
sup
0≤s≤T
|εt,t+sf | > δ
)
≤ Kδ−2e−t||f ||2V .
ii) For all T > 0 and all f ∈ C∞(Rd;V ), we have Px,r,µ−a.s.
lim
t→∞
sup
0≤s≤T
|εt,t+sf | = 0.
Proof. i) We need the uniform estimates on the family of semigroups (Pµt ) proved in Setion 5. Let
f ∈ C∞(Rd;V ). We begin to rewrite
εt,t+sf =
∫ h(t+s)
h(t)
AµuQµuf
du
r + u
.
We onsider the C2-valued proess (t, x) 7→ Qµh(t)f(x), whih is of lass C
2
and a C1-semimartingale.
Indeed it is easy to see that t 7→ µh(t) is a.s. a bounded variation proess with values in M(R
d;V ).
Sine Proposition 5.4 shows that µ 7→ Qµf is also C
1
, the laim follows by omposition. So, we apply
the generalized It formula to (t, x) 7→ h(t)−1Qµh(t)f(x) and deompose εt,t+s in four parts (and we
will ontrol eah term separately):
εt,t+sf = ε
(1)
t,t+sf + ε
(2)
t,t+sf + ε
(3)
t,t+sf + ε
(4)
t,t+sf
with
ε
(1)
t,t+sf = −
1
h(t+ s)
Qµh(t+s)f(Xh(t+s)) +
1
h(t)
Qµh(t)f(Xh(t))
ε
(2)
t,t+sf = −
∫ h(t+s)
h(t)
Qµuf(Xu)
du
(r + u)2
ε
(3)
t,t+sf =
∫ h(t+s)
h(t)
∂
∂u
Qµuf(Xu)
du
r + u
ε
(4)
t,t+sf = M
f
h(t+s) −M
f
h(t)
where Mft is the loal martingale M
f
t :=
∫ t
0 ∇Qµuf(Xu)
dBu
r+u .
We reall the estimates of Propositions 5.3 and 5.4: ∀ε > 0, f ∈ C∞(Rd;V ),
|Qµh(t)f(Xh(t))| ≤ ||f ||V (εV (Xh(t)) +K(ε))
|∇Qµh(t)f(Xh(t))| ≤ ||f ||V (εV (Xh(t)) +K1(ε)).
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We also remind that
∫ t
0 V (Xs)ds = O(t) and V (Xt) = O(t) a.s. Now, we are able to ontrol eah
part of εt,t+s and nd for all ε > 0 and t large enough:
|ε
(1)
t,t+sf | ≤ h(t)
−1(|Qµh(t+s)f(Xh(t+s))|+ |Qµh(t)f(Xh(t))|)
≤ h(t)−1||f ||V (ε(V (Xh(t+s)) + V (Xh(t))) + 2K(ε))
so sup
0≤s≤T
|ε
(1)
t,t+sf | ≤ C1h(t)
−1‖f‖V a.s.; and similarly
|ε
(2)
t,t+sf | ≤
∫ h(t+s)
h(t)
(εV (Xu) +K(ε))
du
(r + u)2
‖f‖V ≤
C2‖f‖V
h(t)2
∫ h(t+s)
h(t)
V (Xu)du
so that sup
0≤s≤T
|ε
(2)
t,t+sf | ≤ C2h(t)
−1‖f‖V a.s.
For the third part of εt,t+s, we will use Markov's inequality and the bound on the dierential of Qµ
given in Corollary 5.7:
P
(
sup
0≤s≤T
|ε
(3)
t,t+sf | ≥ δ
)
≤ δ−2
∫ h(t+T )
h(t)
E|(DQµu · µ˙u)(f)(Xu)|
2 du
r + u
≤
C
δ2
||f ||2V
∫ h(t+T )
h(t)
E
(
V 6(Xu)
) du
(r + u)3
.
Reall, that we have proved that for all ε > 0, n ∈ N and t large enough, we obtain E[V n(Xt)] = o(t
ε).
Then, there exists some (uniform) onstant C3 suh that
P
(
sup
0≤s≤T
|ε
(3)
t,t+sf | ≥ δ
)
≤
C3
δ2
h(t)−1‖f‖2V .
Sine the quadrati variation of Mfh(t+s) −M
f
h(t) is bounded by the quantity ||f ||
2
V
∫ h(t+T )
h(t) (εV (Xu) +
K1(ε))
2 du
(r+u)2
, Burkholder-Davis-Gundy's inequality implies diretly
Px,r,µ
(
sup
s∈[0,T ]
|ε
(4)
t,t+sf | ≥ δ
)
≤
C4
δ2
h(t)−1||f ||2V .(6.2)
ii) Let T > 0 and f ∈ C∞(Rd;V ). We just need to prove that
lim
t→∞
sup
0≤s≤T
|ε
(4)
t,t+sf | = limt→∞
sup
0≤s≤T
|ε
(3)
t,t+sf | = 0.
We will use Borel-Cantelli's lemma. First, for all ε > 0, we have by Doob's inequality added to
Burkholder-Davis-Gundy's inequality that
Px,r,µ
(
sup
n≤t<n+1
sup
s∈[0,T ]
|ε
(4)
t,t+sf | ≥ δ
)
≤
C
δ2
||f ||2V sup
n≤t<n+1
(ε+ h(t)−1).
As it is true for all ε > 0, we dedue from the preeding inequality that
Px,r,µ
(
sup
n≤t<n+1
sup
0≤s≤T
|ε
(4)
t,t+sf | ≥ δ
)
≤
C
δ2
‖f‖2V h(n)
−1.
As we know that
∑
n h(n)
−1
onverges, we onlude by Borel-Cantelli's lemma that a.s.
lim
n→∞
sup
n≤t<n+1
sup
0≤s≤T
|ε
(4)
t,t+sf | = 0.
The same argument for |ε
(3)
t,t+sf | permits to onlude. 
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Lemma 6.3. ([4℄) If for all T > 0, all f ∈ C∞(Rd;V ), we have
lim
t→∞
sup
0≤s≤T
|εt,t+sf | = 0 a.s.,
then the time-hanged proess, given by R+ → P(R
d;V ), t 7→ µh(t) is a.s. an asymptoti pseudotra-
jetory for Φ (for the weak topology of measures).
Proof. We reall that the family (µt, t ≥ 0) is a.s. tight and by Prokhorov's theorem, as we work
in a Polish spae, it is equivalent to the relative ompatness of (µt, t ≥ 0). Let C(R,P(R
d;V )) be
the spae of ontinuous paths ν : R → P(Rd;V ) equipped with the weak topology. Let θ be the
translation ow θ : C(R,P(Rd;V ))× R→ C(R,P(Rd;V )); θt(ν)(s) = ν(t+ s) and Φˆ be the mapping
Φˆ : C(R,P(Rd;V )) → C(R,P(Rd;V )); Φˆ(ν)(t) = Φt(ν(0)). Benaïm [2℄ (theorem 3.2) asserts that a
ontinuous map ν : R+ → P(R
d;V ) is an asymptoti pseudotrajetory for the semiow Φ if and only
if ν is uniformly ontinuous (for the weak topology) and every limit point of {θt(ν); t ≥ 0} is a xed
point for Φˆ. We begin to prove that µh(t) is uniformly ontinuous for the weak topology. We have by
denition of µt that
|µh(t+s)f − µh(t)f | ≤
∫ t+s
t
(
|µh(u)f |+ |f(Xh(u))|
)
du.
As
∫ t
0 V (Xu)du = O(t) a.s., this enables us to show that for all t large enough
(6.3) |µh(t+s)f − µh(t)f | ≤ 2βs||f ||V .
We put these estimates in equation (2.16) and the uniform ontinuity follows.
Let IF : C
0(R,P(Rd;V ))→ C0(R,M(Rd;V )) be the mapping dened by
IF (ν)(t) := ν(0) +
∫ t
0
F (ν(s))ds
where F is the vetor eld F (µ) = Π(µ)− µ. Then, by denition of µh(t)
θt(µh(·)) = IF (θt(µh(·))) + εt,t+·.
Thus, by relative ompatness of (µh(t), t ≥ 0) and ontinuity of IF , we nd that limt→∞ εt,t+· = 0
in C0(R,M(Rd;V )) if and only if every limit point η of (θt(µh(·))) satises η = IF (η), that is η =
Φˆ(η). 
Theorem 3.6 . Px,r,µ-a.s., the funtion t 7→ µh(t) is an asymptoti pseudotrajetory for Φ.
Proof. It sues to ombine Proposition 6.2 with Lemma 6.3. 
6.3. Bak to the dynamial system: a global attrator for the semiow. We have dened
in Setion 4 the smooth dynamial system Φ, with respet to the strong topology. But, in order to
study the asymptoti behavior of (µt, t ≥ 0), it will prove tehnially easier to work with the weak
topology. Indeed, a good andidate to be an attrator of the semiow is the ω-limit set of (µt) for
the weak topology
(6.4) ω(µt, t ≥ 0) :=
⋂
t≥0
{µs; s ≥ t}
whih is (a.s.) weakly ompat, sine it is ontained in Pβ(R
d;V ) a.s. Therefore, we will regard for
now on the semiow Φ with the weak topology:
Proposition 6.4. Φ : R+×P(R
d;V ) indues a ontinuous semiow with respet to the weak topology.
Proof. Sine µ 7→W ∗µ(x) is readily weakly ontinuous (see the domination ondition again), we see
that Π is weakly ontinuous. Now, going bak to the Piard approximation sheme of Setion 4, it
results that µ 7→ µ
(n)
t is weakly ontinuous for every n and t. Passing to the limit, we are done. 
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Now we need to reall a short list of important denitions oming from the theory of dynamial
systems.
Denition 6.5. a) A subset A of P(Rd;V ) is an attrating set (respetively attrator) for Φ provided:
(1) A is nonempty, ompat for the weak topology and positively invariant, (respetively invariant)
and
(2) A has a neighborhood N ⊂ P(Rd;V ) suh that d(Φt(µ), A) → 0 as t → +∞ uniformly in
µ ∈ N .
b) The basin of attration of an attrator K ⊂ A for Φ|A = (Φt|A)t is the positively invariant open
set (in A) omprising all points whose orbits asymptotially are in K. That is
B(K,Φ|A) := {µ ∈ A; lim
t→∞
d(Φt(µ),K) = 0}.
) A global attrating set (respetively global attrator) is an attrating set (respetively attrator)
whose basin is the whole spae P(Rd;V ).
d) Let A be a positively invariant set for Φ. An attrator for Φ|A is proper if it is dierent from
A.
e) An attrator-free set is a nonempty ompat invariant set A suh that Φ|A has no proper attra-
tor.
Our aim is now to desribe the limit set of µt and nd a global attrating set for Φ. The natural
andidate is the limit set ω(µt, t ≥ 0). First, we desribe dynamially the limit set of µt.
Theorem 6.6. The limit set of {µt, t ≥ 0} is Px,r,µ-almost surely an attrator-free set of Φ.
Proof. It results from Theorem 3.6 and [3℄. 
Corollary 6.7. Px,r,µ
(
lim
t→+∞
|Xt| = +∞
)
= 1.
Proof. Let A be a open subset of Rd suh that γ(A) > 0. Sine the measure γ is diusive, we have that
for all ν ∈ Îm(Π)∩ω(µt, t ≥ 0), there exist m,M > 0 (depending on β only) suh that mγ ≤ ν ≤Mγ.
Now, if we onsider a sequene (νtn , n ≥ 0) in P(P(R
d;V )), the limits of its onvergent subsequenes
will belong to Îm(Π)∩ω(µt, t ≥ 0), beause ω(µt, t ≥ 0) is a.s. an attrator-free set of Φ. Thus, there
exists a subsequene (νtnk ) suh that νtnk onverges almost surely to ν for the weak topology. For
any smooth funtion ϕ ompatly supported, we have that
νtn(ϕ)
w
−→ ν(ϕ).
If we onsider ϕ suh that it equals 1 on A and 0 out of a set B ontaining A, we nd that ν(ϕ) ≥
ν(A) > 0. Thus
ν(B) ≥ lim sup νt(ϕ) ≥ lim inf νt(ϕ) ≥ ν(A) ≥ mγ(A).
So, it implies that
∫ tn
0 δXs(A)ds is asymptotially equivalent to tnmγ(A), whih in turn gives
∫∞
0 δXs(A)ds =
∞ a.s. Then, for all onstant K > 0,
∫∞
0 δXs(R
d \ BK)ds = ∞ a.s., where BK is the losed ball of
radius K. Finally
Px,r,µ
(⋂
K
{∫ ∞
0
ds1l{|Xs|≥K} =∞
})
= 1.

Seond, we look at the (nonempty) set Îm(Π) ∩ ω(µt, t ≥ 0).
Theorem 6.8. Îm(Π) ∩ ω(µt, t ≥ 0) is a.s. a global attrating set for Φ.
22 ALINE KURTZMANN
Proof. We begin to notie that Îm(Π) ∩ ω(µt, t ≥ 0) is a.s. ompat for the weak topology and
Îm(Π) ∩ ω(µt, t ≥ 0) is positively invariant by denition. For all µ ∈ ω(µt, t ≥ 0), we assert that
d(Φt(µ), Îm(Π) ∩ ω(µt, t ≥ 0)) onverges to 0 uniformly in µ. Indeed, reall that ω(µt, t ≥ 0) is
an attrator free set for Φ, so for all s ≥ 0, Φs(µ) ∈ ω(µt, t ≥ 0). As we also already know that
lim d(Φt(µ), Îm(Π)) = 0, uniformly in µ, the assertion is proved. 
Lemma 6.9. ω(µt, t ≥ 0) is a.s. a subset of Îm(Π).
Proof. As µh(t) is an asymptoti pseudotrajetory for the semiow, whih implies that ω(µt, t ≥ 0) is
attrator free, we have by Theorem 6.8 that ω(µt, t ≥ 0) is the only attrator of Φ restrited to this
set. Therefore, Îm(Π) ∩ ω(µt, t ≥ 0) = ω(µt, t ≥ 0). Consequently, ω(µt, t ≥ 0) ⊂ Îm(Π). 
When W is symmetri, we an give a better desription of ω(µt, t ≥ 0). Let begin with the
following:
Theorem 6.10. (Tromba [22℄) Let B be a C∞ Banah manifold, F a C∞ vetor eld on B and
E : B → R a C∞ funtion. Assume that:
(1) DE(µ) = 0 if and only if F (µ) = 0;
(2) F−1(0) is ompat;
(3) for eah µ ∈ F−1(0), DE(µ) is a Fredholm operator.
Then E(F−1(0)) has an empty interior.
Proposition 6.11. ([2℄, proposition 6.4) Let Λ be a ompat invariant set for a semiow Φ on a
metri spae E. Assume that there exists a ontinuous funtion V : E → R suh that:
(1) V(Φt(x)) < V(x) for x ∈ E\Λ and t > 0;
(2) V(Φt(x)) = V(x) for x ∈ Λ and t > 0.
If V has an empty interior, then every attrator-free set A for Φ is ontained in Λ. Furthermore, V
restrited to A is onstant.
Theorem 3.8 . Suppose that W is symmetri. Then the limit set ω(µt, t ≥ 0) is Px,r,µ-a.s. a ompat
onneted subset of the xed points of Π.
Proof. We work only with absolutely ontinuous probability measures. We want to use Proposition
6.11 with the Lyapunov funtion E (the free energy omposed with Π), whih satises the required
ondition. Lemma 4.7 asserts that the xed points of Π form a nonempty ompat subset of P(Rd;V ).
Let F (µ) := Π(µ) − µ. We already know that F−1(0) is ompat for the weak topology. Therefore,
we only need to show that E(F−1(0)) has an empty interior. Let µ ∈ F−1(0) and prove that DF (µ)
is a Fredholm operator. Let ν ∈ Pβ(R
d;V ). Thanks to Lemma 2.1, there exists a onstant C(β) suh
that ‖DF (µ) · ν‖V ≤ C(β)‖ν‖V . So, the set {DF (µ) · ν; ‖ν‖V ≤ 1} is bounded. For x, y ∈ R
d
, we get
|DF (µ) · ν(x)−DF (µ) · ν(y)| ≤ 2|W ∗ ν(x)Π(µ)(x) −W ∗ ν(y)Π(µ)(y)|
+ 2
∫
W ∗ νdΠ(ν)|(Π(µ)(x) −Π(µ)(y))|
≤ M(|x− y|‖µ‖V + |µ(x)− µ(y)|
+ |V (x)− V (y)|+ ‖W (y, ·)−W (x, ·)‖V ‖µ‖V )
So, the map DF (µ) · ν (‖ν‖V ≤ 1) is equiontinuous and by Asoli's theorem, we onlude that the
preeding set is relatively ompat in C0(Rd;V ) and thus the operator DF (µ) is ompat. Moreover,
this operator is self-adjoint. It follows from the spetral theory of ompat self-adjoint operators that
DF has at most ountably many real eigenvalues; the set of nonzero eigenvalues is either nite or an
be ordered as |λ1| > |λ2| > . . . > 0 with lim
n→∞
λn = 0. Therefore, we apply the result of Tromba and
E(F−1(0)) has an empty interior. We onlude thanks to Proposition 6.11. 
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7. Illustration in dimension d = 2
When W is not symmetri, it an happen that there exists no Lyapunov funtion and that the
limit set ω(µt, t ≥ 0) is a non trivial orbit. Suppose for instane that (for d = 2) W (x, y) = (x,Ry)
where R is a rotation matrix, V is a polynomial V (x) = V (|x|) := a|x|4 + b|x|2 + 1. Note, that the
probability measure γ(dx) = e−2V (x)dx/Z is invariant by rotation. Then, one expets, depending on
R and V , that either the unique invariant set for the semiow is {γ} and so µt onverges a.s. to γ; or
µt onverges a.s. to a random measure, related to the ritial points of the free energy; or ω(µt, t ≥ 0)
is a periodi orbit related to γ. Remark that, equivalently onsidering W (x, y) + 12(b|x|
2 + |y|2/b) or
W , we satisfy the set of onditions (H). We denote p := (1, 0)T .
Lemma 7.1. ([4℄, lemma 4.6) For all ontinuous ϕ : R→ R, for all y ∈ S1 we have∫
R2
[ϕ((x, y)) − ϕ((x, p))] γ(dx) =
∫
R2
ϕ((x, y))(x − (x, y)y)γ(dx) = 0.
Proof. For all y ∈ S1, there exists g ∈ O(2) suh that y = gp. The rst equality follows from a
hange of variable in the integral (beause V (x) = V (|x|)). After, dene φ(y) :=
∫
R2
ϕ((x, y))(x −
(x, y)y)γ(dx). We learly have (φ(y), y) = 0 and the rotation-invariane of γ implies for the antisym-
metry matrix h, φ(p) = hφ(p). So, φ(p) = 0 and thus φ(y) = 0. 
For any probability measure µ ∈ P(R2;V ), dene the mean of µ by µ¯ :=
∫
R2
xµ(dx). Let the
probability measure
(7.1) Π¯(µ¯)(dx) :=
e−2(x,Rµ¯)
Z(µ¯)
γ(dx).
Here, Π¯(µ¯) = Π(µ). If we let Π(µ) :=
∫
R2
xΠ¯(µ)(dx), then Φ¯t(µ) is readily the semiow orresponding
to
(7.2) Φ¯t(µ) = e
−tµ¯+ e−t
∫ t
0
esΠ(Φ¯s(µ))ds, Φ¯0(µ) = µ¯.
Lemma 7.2. Let m = ρv with ρ ≥ 0 and v ∈ S1. Then we get∫
R2
xΠ¯(m)(dx) = −
1
2
d
dρ
log
(∫
R2
e−2ρ(x,v)γ(dx)
)
Rv.
Proof. One just has to dierentiate the funtion α 7→ log
(∫
R2
e−2α(x,v)γ(dx)
)
and use the seond
equality of Lemma 7.1. 
Let m = ρv be the solution to the ODE m˙ = Π(m) −m, with ρ = |m| and v ∈ S1. Then we have
by Lemma 7.2 that v˙ = 0. Moreover, if we let α = 2ρ, then α satises the one-dimensional ODE
(7.3) α˙ = J(α) = −α+ 2∂α log
(∫
R2
e−α(x,Rp)γ(dx)
)
.
Let us dene some useful funtions expressed in polar oordinates:
H(α) :=
∫ ∞
0
dργ(ρ)
∫ 2π
0
dve−αρ cos v
H˜(α) :=
∫ ∞
0
dργ(ρ)ρ2
∫ 2π
0
dv sin2 ve−αρ cos v.
24 ALINE KURTZMANN
7.1. The ase R = −Id. Here, W is a symmetri funtion. Expressing the problem in polar oordi-
nates, we get J(α) = −α
(
1− 2 H˜(α)H(α)
)
.
Proposition 7.3. If
∫∞
0 ρ
2γ(ρ)dρ ≤ 1, then 0 is the unique equilibrium of (7.3) and 0 is stable. The
basin of attration of 0 is R+.
If
∫∞
0 ρ
2γ(ρ)dρ > 1, then 0 is linearly unstable and there is another stable equilibrium α1, whose
basin of attration is R∗+.
Proof. We remark that J is C∞. A omputation yields to
J (3)(α) = 2
H(4)(α)
H(α)
− 8
H(3)(α)
H(α)
H ′(α)
H(α)
+ 24
H ′′(α)
H(α)
(
H ′(α)
H(α)
)2
− 12
(
H ′(α)
H(α)
)4
.
We wonder for the sign of J (3). This funtion orresponds to (twie) the kurtosis of the projetion on
the axis x of a random variable X (expressed in polar oordinates) suh that X has the law γ. As the
graph of the symmetri part of the density funtion uts exatly twie the graph of the orresponding
Gaussian variable (with the same mean and variane), the kurtosis of X is negative, or more exatly
J (3)(α) < 0 for α > 0 and J (3)(0) = 0. So, for all α ≥ 0, we have J ′′(α) ≤ J ′′(0) = 0. Similarly, we
nd
J ′(α) ≤ J ′(0) = −1 +
∫ ∞
0
dργ(ρ)ρ2.
Therefore, if J ′(0) ≤ 0, then J is a dereasing funtion and as J(0) = 0, the rst result follows. Else
J ′(0) > 0. But J ′ is a non-inreasing funtion and lim
α→∞
J ′(α) = −1. So, beause of the ontinuity
of J ′, there exists α0 > 0 suh that J
′(α0) = 0. Moreover, we have lim
α→∞
J(α) = −∞. Finally, there
exists a positive solution to J(α) = 0 if and only if
∫∞
0 dργ(ρ)ρ
2 > 1. In that ase, the point 0 is
unstable and there exists an other equilibrium, whih is stable. 
Remark 7.4. The funtion t 7→
∫ 2π
0 e
−t cos vdv is the Bessel funtion I0(t).
The next result shows that we an redue the problem in studying the dynamial system satised
by µ¯ and then dedue results on µ.
Lemma 7.5. ([4℄ proposition 3.9, orollary 3.10) 1) Let L ⊂ Pβ(R
d;V ) be an attrator-free set for
Φ and A ⊂ Pβ(R
d;V ) an attrator for Φ. If L ∩B(A) 6= ∅1, then L ⊂ A.
2) Let (E, d) be a metri spae, Φ¯ : E×R→ E a semiow on E and G : Pβ(R
d;V )→ E a ontinuous
funtion. Assume that G ◦Φt = Φ¯t ◦G. Then almost surely G(ω(µt, t ≥ 0)) is an attrator-free set of
Φ¯.
We an now state and prove the following
Theorem 7.6. Consider the self-interating diusion on R2 assoiated with W (x, y) = −(x, y). Then
we have two dierent ases:
(1) If
∫∞
0 dργ(ρ)ρ
2 ≤ 1, then a.s. µt
(w)
−−→ γ;
(2) If
∫∞
0 dργ(ρ)ρ
2 > 1, then there exists a random variable v ∈ S1 suh that a.s. µt
(w)
−−→ µv∞ with
µv∞(dx) =
eα1(x,v)
Z1
γ(dx),
where Z1 is the normalization onstant and α1 is the unique positive solution to the equation
J(α) = −α+ 2H
′(α)
H(α) = 0.
1B(A) is the basin of attration of A
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Proof. Let G : Pβ(R
2;V ) → R2 be the mapping dened by G(µ) = µ¯. By Lemma 7.5, the limit
set of µ¯t is a.s. an attrator-free set of Φ¯. When
∫∞
0 dργ(ρ)ρ
2 ≤ 1, then 0 is a global attrator for
the dynamial system generated by Φ¯. Therefore, eah attrator-free set of Φ¯ redues to 0. So, a.s.
µ¯t
(w)
−−→ 0 and ω(µt, t ≥ 0) ⊂ G
−1(0). The denitions of Π¯(µ¯) and J imply that G−1(0) is invariant
under the ation of Φ and, as Π(Φt
∣∣
G−1(0)
(µ)) = γ, we have
Φ
∣∣
G−1(0)
(µ) = e−t(µ − γ) + γ.
Therefore, γ is a global attrator for Φ
∣∣
G−1(0)
. Lemma 7.5 then implies that eah attrator-free set
redues to γ. By Theorem 6.6, we onlude that ω(µt, t ≥ 0) = γ.
Suppose now that 0 is unstable for Π− Id. For all f ∈ C∞(R2;V ), it holds
d
dt
µh(t)f = −µh(t)f +Π(µh(t))f +
d
ds
εt,t+s
∣∣
s=0
f.
If we onsider the projetion map Pi(x) = xi, then ∂tµ¯h(t) = Π(µ¯h(t)) − µ¯h(t)) + ηt where ηt is the
random vetor ηt =
d
dsεt,t+s
∣∣
s=0
(P1, P2)
T
. As 0 is an unstable linear equilibrium for Π− Id, we apply
the result of Tarrès ([21℄, part 3) to prove that P
(
limt→∞ µ¯h(t) = 0
)
= 0. Thanks to Theorem 3.6, we
obtain that lim
t→∞
lim
0≤s≤T
|µ¯h(t+s) − Φ¯s(µ¯h(t))| = 0. We remind that
(7.4) ρ˙ = −ρ−
H ′(α)
H(α)
and we denote by α1 the unique positive solution to −α + 2
H′(α)
H(α) = 0. We introdue the invariant
set (for Φ¯) A := {m = ρv; ρ = α1, v ∈ S
1}. As the limit set of µ¯h(t) is an attrator-free set by
Lemma 7.5, the ODE (7.4) implies that ω(µ¯h(t)) either redues to {0}, or is inluded in A. But as
P
(
lim
t→∞
µ¯h(t) = 0
)
= 0, the limit set of µ¯h(t) is a.s. a subset of A. Moreover, as v˙ = 0, we have
Φ¯t
∣∣
A
= Id
∣∣
A
. So, µ¯h(t) is a Cauhy sequene in A and then there exists v ∈ S
1
suh that
lim
t→∞
|µ¯h(t) − α1v| = 0.
To onlude, we have on one side that the limit set of (µt) is an attrator-free set for Φ
∣∣
G−1(α1v)
and on the other side, that the semiow Φ
∣∣
G−1(α1v)
admits µv∞ as a global attrator. This leads to
ω(µt, t ≥ 0) = µ
v
∞. 
7.2. The ase R is a rotation". We assume that R = R(θ) is dened by R =
(
cos θ sin θ
− sin θ cos θ
)
,
with 0 ≤ θ < 2π. We emphasize that (unless θ = 0, π) W is not a symmetri funtion.
Theorem 7.7. Consider the self-interating diusion on R2 assoiated with W (x, y) = (x,Ry). Then
one of the following holds:
(1) If V is suh that
∫∞
0 dργ(ρ)ρ
2 cos(θ) > −1, then a.s. µt
(w)
−−→ γ;
(2) If V is suh that
∫∞
0 dργ(ρ)ρ
2 cos(θ) ≤ −1, then we get two ases:
a) if θ = π then there exists a random variable v ∈ S1 suh that a.s. µt
(w)
−−→ µv∞ with
µv∞(dx) =
eα1(x,v)
Z1
γ(dx), where Z1 is the normalization onstant and α1 is the unique positive
solution to −α+ 2H
′(α)
H(α) = 0,
b) if θ 6= π, then ω(µt, t ≥ 0) = {ν(δ), 0 ≤ δ < 2π} a.s., where ν(δ) =
1
eTθ−1
∫ Tθ
0 e
sµv,θ∞ ds,
with Tθ = 2π(tan θ)
−1
and µv,θ∞ is the unique positive solution to −α+ 2cos θ
H′(α)
H(α) = 0.
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Proof. Let v = gp with g ∈ O(2) and m = αv/2. We remind the equations
α˙ = −α− 2
H ′(α)
H(α)
(Rv, v); v˙ = −
2
α
H ′(α)
H(α)
((Rv, v)v −Rv) .
But, by denition of R and v = (cos σ, sin σ)T , a simple omputation yields to
(Rv, v)v −Rv =
(
− sin θ sinσ
sin θ cos σ
)
.
We nally get after some easy alulations{
α˙ = −α− 2H
′(α)
H(α) cos θ;
σ˙ = 2H
′(α)
αH(α) sin θ.
(7.5)
We reall that
H′(α)
H(α) > 0 for α > 0. By Proposition 7.3, we have a bifuration at cos θ
∫∞
0 γ(dρ)ρ
2 = 1.
More preisely, if cos θ
∫∞
0 γ(dρ)ρ
2 ≥ 1, then the set {(σ, α);α = 0} is a global attrating set for
Equation (7.5) and so a.s. µt
(w)
−−→ γ. If cos θ
∫∞
0 γ(dρ)ρ
2 < 1, then {(σ, α);α = α1(cos θ)} is a global
attrating set. On this set, the dynamis is given by
σ˙ =
2H ′(α1(cos θ))
α1(cos θ)H(α1(cos θ))
sin θ = tan θ.
By Theorem 7.6, we show that there exists a random variable σ0 suh that a.s.
(7.6) lim
t→∞
∣∣∣∣µ¯h(t) − α1(cos θ)2 v(t tan θ + σ0)
∣∣∣∣ = 0.
At that point, we know the dynamis on the set A˜ := {(σ, α);α = α1(cos θ)}. Unfortunately, we need
more to onlude: we have to study the oupled system dened on M(R2;V )× R2 by
(7.7)
{
m˙ = −m+ Π¯(m);
ν˙ = −ν + Π¯(m).
By Lemma 7.5, ω(µt, t ≥ 0) × A˜ is an attrator-free set for the preeding semiow restrited to
P(R2;V )× R2. The dynamis on ω(µt, t ≥ 0)× A˜ is given by
(7.8)
{
σ˙ = tan θ;
ν˙ = −ν + f(σ) = −ν + µv,cos θ∞ .
As the set ω(µt, t ≥ 0) × A˜ is ompat (for the weak topology) and invariant in P(R
2;V ) × R2, we
onude by following the lines of [4℄ (theorem 4.11). 
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